We consider theoretically static and dynamic properties of vortex formation in trapped Bose-Einstein condensates in synthetic magnetic field and compare the results created by rotating frame method. As the first step, we discuss the ground state properties and show that the number of vortices and rotational frequency is a linear relation. We further deduce the analytical results and find it qualitatively agrees with numerical solutions. In addition, we explore the vortex dynamics, focusing on the difference between the two rotational methods. Numerical results indicate that synthetic magnetic field is more difficult to add a large angular momentum. However, this issue can be effectively improved by increasing the contact interaction.
Introduction
Quantized vortices in the atomic Bose-Einstein condensates (BECs) has attracted much research interest [1] [2] [3] [4] [5] . The atomic BECs are good prototypes for investigations of phenomena relevant to quantized vortices because of the following properties. Firstly, BECs provide an ideal impurity-free environment for the research of physicists. Secondly, weak interaction between the condensate atoms makes theoretical treatments easier. This system is well described by the Gross-Pitaevskii (GP) equation [6] . Thirdly, many physical parameters of BECs are experimentally controllable. Therefore, it is possible to visualize directly the BEC clouds and quantized vortices [7, 8] .
BECs respond to rotation by creating quantized vortices. Conventionality, vortices can be created by means of rotating trap, i.e. rotating frame [7, 8] . When the trapped condensate is driven to rotate, singly quantized vortices form. The number of vortices entering the condensate above a certain critical velocity of rotation increases with growing rotational frequency, until a stationary Abrikosov lattice is formed. Some experimental groups reported vortex lattice structures under the rotating potential [9, 10] . In addition, much theoretical work has confirmed by the numerical simulation of GP equation that the ground state of BECs under rotation is a regular Abrikosov triangular lattice [11] [12] [13] [14] [15] [16] [17] [18] [19] , and such lattices contain hundreds of vortices.
Recently, the synthetic magnetic field technique appears as another outstanding tool, which enables us to form the vortex lattice in a BECs [20] [21] [22] . When the synthetic magnetic field exceeds the critical value, quantum vortices are created. The novel technique opens the possibility for more careful investigation of the new method * corresponding author; e-mail: zhaoqiangac2004@sina.com of the vortex formation. Moreover, the author argued that such approach could effectively add large angular momentum compared with the conventional method, and it can overcome the heating and metastability of the condensate.
The main motivation of the present manuscript is to study how the vortex formation is affected in synthetic magnetic field by the free parameters, such as rotational frequency and atom interactions. We compare our results with the rotating frame case. To our knowledge, the number of vortices N v and the rotational frequency Ω appear to be well described by a quadratic relation in rotating frame. However, in synthetic magnetic field, a linear behavior is observed, and no attempt has been made so far to explore the analysis relation. In this paper, we give a expression about N v ∼ Ω, which can explain this point qualitatively. In addition, the dependence on the approximate time for the formation of steady state of vortices, angular momentum and the number of vortices on the inter-atomic interaction have been studied. We find that the rotational efficiency can be effectively enhanced at sufficiently large contact interaction.
The rest of the paper is structured as follows. In Sect. 2, we outline the derivation of the effective 2D model under synthetic magnetic field, starting from the 3D GP equation. In Sect. 3, numerical solutions for number of vortices in two different scenarios, synthetic magnetic field and rotating frame, are produced. Next, an analytical solution is obtained from the Feynman rule. The analytical solution makes it also possible to predict the relation of the number of vortices and rotational frequency, which is an essential result. Further, in Sect. 4, we display vortex dynamics, the effect of inter-atomic interaction on the dynamics behavior is discussed. The paper is concluded by Sect. 5.
Theoretical model
At zero temperature, the static and dynamic properties in a synthetic magnetic field can be well described (503) by the mean-field GP equation
Here P is the canonical momentum operator, A is the synthetic gauge potential. We assume that the synthetic field B = 2mΩ e z is parallel to the z axis and choose the symmetric gauge A = (B × r) /2 = m (ω l × r), where ω l is the Larmor frequency. ψ (r, t) is the condensate wave function, m is the atomic mass, and V (r) = 
The 3D GP equation can be reduced into an effective 2D equation, provided that the confinement in the z-direction is strong enough.
To this end, we assume that the 3D wave function is factorized
2 is the ground state of harmonic oscillator along the z-direction with the characteristic length l = /mω ⊥ . In this work, length, time, energy, angular momentum, and rotation angular frequency are in units of l, 1/ω ⊥ , ω ⊥ , , and ω ⊥ , respectively. Then the effective 2D equation can be obtained after integrating over the z-coordinate
where β = 4πN a s /l, g xy = β γ z /2π represents the effective 2D interaction strength. γ z = ω z /ω ⊥ is the trap aspect ratio of the anisotropic trap.
Similarly, the corresponding 2D dimensionless GP equation for BECs in rotating frame can be written as
where Ω is the rotational frequency.
Equations (2) and (3) can be solved numerically by norm-preserving imaginary time propagation method on a 256 × 256 square grid [23] . The propagation continues until the fluctuation in the norm of the wave function becomes smaller than 10 −6 . The spatial-and time-step sizes employed are 0.05 and 0.001, respectively. We prepare the initial wave function as a combination of the ground state of harmonic potential and a vortex state, which can be written as
with
In the numerical simulations, our results show that such initial data always gives the minimum energy of the system.
Fig. 1. Equilibrium number of vortices
Nv as a function of rotational frequency (the Larmor frequency) Ω (ω l ) at gxy = 1000. The empty circle points and filled circle points represent the numerical results for synthetic magnetic field and rotating frame from Eqs. (2) and (3), respectively. The dashed and solid curves correspond to Eqs. (9) and (10), respectively.
Ground state
It has been known that the relation between number of vortices and rotational frequency is the critically important issue in rotating quantum gas. To simplify the numerical simulations, and highlight the effects of the rotational frequency, we fix the contact interaction g xy = 1000. Figure 1 shows the typical example of the dependence of number of vortices N v on the rotational frequency (the Larmor frequency) Ω (ω l ) at g xy = 1000. The empty circle points and filled circle points represent the numerical results for synthetic magnetic field and rotating frame, respectively. We find two different development of the number of vortices. For rotating frame, we observe that N v increases quadratically with Ω and diverges at Ω = ω ⊥ . For synthetic magnetic field, the number of vortices increases linearly with increase of ω l .
To present a clearer illustration on these trends, we explore the analytical analysis. For a superfluid rotating in a rigid container with radius R, the number of vortices N v can be determined by the Feynman rule
. Also, when the interaction energy is large compared to the kinetic energy, the suitable analytical treatment of the present problem is that the wave function may be described by the Thomas-Fermi approximate. We solve the time-independent GP Eq.
Then, the normalization condition determines the chemical potential as
with µ(0) = N g xy mω 2 ⊥ /π. In the spirit of the ThomasFermi approximate, the radius
where R 2 (0) = 4N g xy /πmω 2 ⊥ . Since the Larmor frequency has the same physical meaning with rotational frequency in both rotation, it is sufficient to consider ω l = Ω . Therefore, quite naturally, the chemical potential and radius may be written as µ (Ω ) = µ(0) and R (Ω ) = R(0). The number of vortices is given by
From (9), we can see the intuitive understanding on the relation of the rotational frequency to number of vortices. N v increases linearly with increasing Ω , i.e., N v ∝ Ω . Similarly, in rotating frame case,
, the number of vortices is calculated
In this paper, we focus on the scaling property of N v with respect to Ω . Before the further analytical analysis, we set the fitting parameter R(0) = 5.0. In fact, it is a somewhat arbitrary value for a trapped BECs. We plot the number of vortices taken from analytical analysis in Fig. 1 . The dashed and solid curves correspond to Eqs. (9) and (10), respectively. We find that the analytical results match well with numerical simulations. For synthetic magnetic field, when Ω > 1.2ω ⊥ , the analytical results are about 20% lower than the numerically obtained results. This is probably due to the inhomogeneous density [6] . Finally, we also notice that the chemical potential is irrespective of the value of rotational frequency in synthetic magnetic field, and it decreases continuously in rotating frame. As expected, such properties have been clearly depicted by the numerical calculation in Ref. [25] .
Dynamics
Formation of vortices process of a condensate exhibits interesting dynamics. The synthetic magnetic field is also fascinating system to study such dynamics because the process is much different from the rotating frame case. Here we focus on the difference between the two rotational methods.
We initially prepare the stable ground state wave function for Ω = 0. The vortex formation is then studied by replacing the term i ∂/∂t with ( i − γ) ∂/∂t in in the left-hand side of Eqs. (2) and (3) and introducing of Ω . This form of the dissipative equation follows the study of Choi et al. [26] . Choi et al. determined the value of γ by fitting their theoretical results with the MIT experiments [27] . Thus, we introduce the dissipation in the dynamics discussion. The phenomenological dissipative may be related to the coupled dynamics of a condensate and a noncondensate, i.e. zero temperature and non-zero temperature. Since this dissipative term is much smaller than other terms in the GP equation, a small variation of γ does not change the dynamics qualitatively but only modifies the relaxation time scale. In addition, our results show that when γ is set to zero the vortices in condensate do not exist.
In Fig. 2 we show the snapshots of the density contours and phase patterns for Ω = 0.7ω ⊥ and γ = 0.03. For rotating BECs, when it begins to rotate the surface becomes unstable and ripples are developed on the surface as time progress. Then these ripples gradually improve into vortices and reach a stable configuration at a finite time. Here we compare the time taken for the formation of steady state vortices for both rotation. Figures 2h-j and k-m show the development of vortices for synthetic magnetic field case at g xy = 1000 and g xy = 2000, respectively. For g xy = 1000, the surface ripples are formed at time t ≈ 220/ω ⊥ , which is much slower when compared to that of rotating frame case discussed above. Finally, an equilibrium state of 12 vortices are formed. On the other hand, the surface ripples are observed at t ≈ 100/ω ⊥ when applying g xy = 2000, and a very stable pattern with 17 vortices is created.
To gain a closer insight into vortex formation process, in Fig. 3 we plot the time evolution of angular momentum L z per atom as a function of time, which is defined as:
The blue and red represent the numerical results for synthetic magnetic field and rotating frame, respectively. The dashed and solid curves correspond to the contact interaction 1000 and 2000, respectively. We find that the angular momentum L z per atom gradually increases and then settles to a steady value. The increase in the L z is associated with the entry of vortices into the condensate. When the system reaches steady state, it is seen that the value of L z in rotating frame is about twice as large as that in synthetic magnetic field case. Also, the time taken is smaller in rotating frame case. As a comparison, we also show the time evolution of L z at γ = 0.08. The symbol γ r and γ s represent the dissipation in rotating frame and synthetic magnetic field, respectively. Figures 4a-e correspond to g xy = 1000, 2000, 3000, 4000, and 5000, respectively. It is obvious that the large dissipation only change the relaxation process quantitatively. The value of L z remain almost unchanged. Moreover, by simply counting, we also verify that the number of vortices N v is the same as that of γ = 0.03.
The above observation clearly indicates that the synthetic magnetic field rotates the condensate less effi- ciently. To overcome this difficulty, we further increase the contact interaction to sufficiently large value. We estimate the approximate time t vor for the formation of steady state of vortices with the rotational frequency Ω = 0.7ω ⊥ . Table I and Table II show t vor1 (γ = 0.03) and t vor2 (γ = 0.08), angular momentum per atom L z and the number of vortices N v in synthetic magnetic field and rotating frame for the creation of equilibrium vortices at different contact interactions g xy , respectively. We find that the time taken for the creation of steady state vortices in synthetic magnetic field is much bigger than that in rotating frame at lower contact interaction. However, t vor1 and t vor2 is nearly equal to the same value at higher contact interaction. 16 .063/20.647, these ratios correspond to g xy = 1000, 2000, 3000, 4000, and 5000, respectively.In is clear that the number of vortices and the angular momentum per atom increases with increase of interaction, and the ratio tends to unity. These results suggest that although it is still relatively difficult to generate vortices in synthetic magnetic field compared to the rotating frame, the difference between the two cases becomes small at sufficiently large contact interactions. Actually, the s-wave scattering length can be tuned by the Feshbach resonance technique [28, 29] . Therefore, increasing the contact interaction is an effective and realizable route to adding more angular momentum and generating more vortices in condensates rotated by a synthetic magnetic field.
Conclusion
We have studied the formation of vortices in rotating Bose-Einstein condensates in synthetic magnetic field by numerically solving the time-dependent GP equation in two dimensions. Particularly, we have calculated the number of vortices as a function of rotational frequency. It has been shown that linear behavior of a number of vortices is valid for synthetic magnetic case. Further, we have explored the influence of contact interaction on the number of vortices, angular momentum per atom, and time taken for the creation of vortices. The number of vortices and angular momentum per atom have been found to increase with an increase in the contact interaction, and the ratios in both case tend to unit. The time taken for the nucleation of vortices is estimated that strong contact interactions can nucleate the vortices very rapidly. These results imply that the rotational efficiency can be improved by increasing the strength of contact interaction.
